SOME INEQUALITIES FOR KODAIRA-IITAKA DIMENSION ON 

SUBVARIETIES 



TRAVIS KOPP 



0. Introduction 



In this paper we will be principally interested in looking at relations between 
the Kodaira-Iitaka dimension of a divisor on an ambient normal variety and the 
Kodaira-Iitaka dimension of related divisors on irreducible normal subvarieties. 

We will begin with some preliminary discussion about reflexive sheaves and 
Kodaira-Iitaka dimension in section [T] Then in section [2] we will be primarily 
interested in the question of how the Kodaira-Iitaka dimension of a divisor on a 
normal variety compares to the Kodaira-Iitaka dimension of related divisors on an 
irreducible normal subvariety of codimcnsion 1. In particular, we will use geometric 
techniques to show the following, 

Theorem 0.1. Let X be a complete normal variety, Y C X a normal closed 
subvariety of codimension 1 and Jz? an invertible sheaf on X. Then there exist 
integers n\ > 0, n 2 > such that, 

k(X,3?) - 1 < K(Y,£f ni (-n 2 Y)\ Y ) 

Furthermore if Y is not contained in the stable base locus of Jz? , we may take 
ni > n 2 . 

As an application we will show that Theorem 10 . 1 1 implies the following inequality 
when we are concerned with a subvariety of arbitrary codimension rather than a 
divisor only. 

Theorem 0.2. Let X be a complete smooth variety, A C X a smooth closed 
subvariety and Jz? an invertible sheaf on X . Then there exists a constant a > and 
integers n\ > 0, n 2 > 0, such that the following inequality holds for t sufficiently 
large and divisible, 

ai . K (X,S?)-l < h 0^ ^tm | A Sym tn 2 js*^ 

Furthermore if A is not contained in the stable base locus of Jz?, we may choose 
ni > n 2 - 

In section [3] we will consider the situation of two subvarieties, A and B, in our 
ambient variety X with dim A + dimB > dim X. We will ask that each of these 
subvarieties moves as a cycle in a family covering X and that these families have a 
"nice" intersection property. In particular, we will prove the following. 
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Theorem 0.3. Let X be a projective normal variety in characteristic and let 
A, B C X be normal closed subvarieties. Suppose that the cycles [A] and [B] each 
move in a well defined integral family of proper algebraic cycles of X over a variety 
in the sense of [A, 1.3.10] and that for a general closed point x G X there are 
members of these families, [A 1 ] and [B'\, such that A' and B' intersect properly and 
leA'nB'. Then for any invertible sheaf on X, 

k(X, if) < k(A, if | A ) + k(B, if |b) 

The origin of these kinds of questions may be taken to be the following well 
known theorem in the case of a smooth fiber of a proper fibration. 

Theorem 0.4 (Easy Addition, see e.g. [31 §10]). Let f : X — > Y be a dominant 
proper morphism of smooth varieties with connected fibers in characteristic and 
let if be an invertible sheaf on X . Lf Y sul C Y is an open set over which f is 
smooth, then, 

k(X, if) < K(X y , % y ) + dimF for all y 6 Y sm , 

In [7J T. Peternell, M. Schneider and A.J. Sommese showed that this could be 
generalized to the case of a subvariety, A <Z X , not necessarily a fiber of a fibration, 
but with some positivity conditions on the normal bundle, ^Ya\x- 

For example, they proved the following inequality of Kodaira-Iitaka dimensions, 

Theorem 0.5 ([Jj Theorem 4.1]). Let X be a complete smooth complex variety, 
A C X a smooth closed subvariety and if an invertible sheaf on X. If ,jVa\x is 
^-effective (i.e. Sym™ 1 JYa\x is generically generated by global sections for some 
m > 0), then, 

k(X, if) < k(A, if \ A ) + coding A 

This result and other similar ones in [7J follow from Theorem l0.2l 
The condition in theorem 10. 51 that J^a\x De Q-effective can be shown to be met 
when A moves as a cycle in a covering family of X [7J Theorem 4.16]. Thus theorem 
10.31 may also be seen as a natural generalization of this result to the case of a pair 
of subvarieties. 

The results in this paper extend those in [6] and are also presented in my doctoral 
thesis at the University of Washington. I would like to thank my advisor, Sandor 
Kovacs, for his very valuable advice and encouragement throughout the process of 
preparing and writing this paper. 

1. Preliminary Discussion of Kodaira-Iitaka Dimension 

l.A. Reflexive Sheaves, Rational Maps, and Kodaira-Iitaka Dimension. 

Throughout this paper "variety" will be taken to mean an integral separated 
scheme of finite type over an algebraically closed field. In section[3]we will also ask 
that the field be of characteristic 0. 

We will begin with some preliminary observations concerning reflexive sheaves, 
rational maps, and Kodaira-Iitaka dimension. Using reflexive sheaves will allow the 
statement of some of our results to be more general than would be possible if we 
restricted ourselves to invertible sheaves only. 

A coherent sheaf #ona scheme X is called reflexive if the natural map, J£" — > 
J^"**, to the double dual is an isomorphism. On an integral noetherian scheme 
the dual of every coherent sheaf is reflexive. We will be interested in the reflexive 
symmetric power and reflexive tensor product, defined as follows, 
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Definition 1.1. For an integral noetherian scheme A and reflexive sheaves J? and 
Sf on A, let, 

(1) Sym [tl & := (Sym* &)** , written as if [t] for a rank one reflexive sheaf if. 

(2) := (J?®Sf)** 

We will also want to use the following properties of reflexive sheaves. Many of 
these are found in [51 §1], 

Proposition 1.2. 

(1) The dual of any coherent sheaf on an integral noetherian scheme is reflexive. 

(2) If X is a normal integral noetherian scheme, a reflexive sheaf on A, and 
U C X an open set with codimx(^ \ U) > 2, then £P — i*(&\u)> where 
i:U -> X is the inclusion. Thus H°(X, J?) ~ H°(U, J?\ v ). 

(3) If X is a normal noetherian scheme, U as before, and J? a reflexive sheaf 
on U , then is a reflexive sheaf on X of the same rank. 

(4) If X is a regular noetherian scheme, then any rank one reflexive sheaf on 
X is an invertible sheaf. 

We will also want some definitions to define a general class of varieties with 
which we'll work. The following is inspired by and compatible with the definition 
of a small normal pair found in [7] . 

Definition 1.3. 

(1) A normal variety X will be called almost complete if there is an open 
immersion X C X of X as an open set in a complete normal variety X 
with codim x (A \X)>2. 

(2) A pair (X, A) will be called a small normal pair, if both A and X are almost 
complete normal varieties, A C X, and codim^^ n Sing A) > 2. 

Let X be a normal variety and A sm C X be its smooth locus. Then we have 
codhnj^A \ X sm ) > 2. If if is a rank one reflexive sheaf on X then if|x snl is an 
invertible sheaf on A sm with H°(X, if) ~ H°(X sm , Sf\ Xsm ). 

This means that given a non-trivial finite dimensional linear subspace L C 
H°(X, Jzf), we may naturally define a subspace of H°(X sm ,JC\x Bm ), then a ra- 
tional map A sm --■> P N up to linear isomorphism of P , and finally a rational 
map ifiL : X ---> P , also up to linear isomorphism of P . In the case that 
L = H°(X,JC) we will write (p# for ip^. 

Conversely, suppose <p : X is a rational map such that tp(X) is not 

contained in any proper linear subspace of P . Let U be the intersection of the 
smooth locus of A and the locus where ip is defined. Then codimj^A \ Z7) > 2 and 
<p\u is determined by a linear subspace of H°(U, i/3|y^ p jv (1)). This means ip = tpi, 
for some L C H°(X, <p*0-pN (1)), where <p*&fN{l) — i*(<p\jj &fN (1)) is a rank one 
reflexive sheaf on A. In general if A --■> V is a rational map defined on t/ C I 
and if is an invertible sheaf on V, we will write tp* if for the rank one reflexive 
sheaf it,(ip\yJif). 

This allows us to define a notion of Kodaira-Iitaka dimension for rank one re- 
flexive sheaves on almost complete normal varieties, 

Definition 1.4 (Kodaira-Iitaka Dimension). Let X be an almost complete normal 
variety and if a rank one reflexive sheaf on A. Define the Kodaira-Iitaka dimension, 
k(A, if), as follows, 
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(1) If h°(X,SfW) = for all t > 0, let JSf) := -oo. 

(2) Otherwise, let, 

k(X,^C) :— max dimes vrt] (X), 
t>o 

The Kodaira-Iitaka dimension can also be expressed in terms of the assymptotic 
growth rate of the dimension of spaces of global sections; at least when we are 
working in characteristic 0. This is well known in the setting of an invertible sheaf 
on a complete normal variety, but requires some extra argument for the general 
situation in definition 11.41 

Proposition 1.5. Let X be an almost complete normal variety in charcteristic 
and Jzf a rank one reflexive sheaf on X . If k = k(X, J£) > 0, then there exists 
constants < a < (3 for which, 

at R < h°(X,SfW) < (3t K 

for t sufficiently large and divisible. 

Proof. We will begin with the case when X is complete. Assume k(X, _Sf) > 0. 
Then we may choose a global section s G H°(X, Jzfl 7 ™]) for some m > 0. Then s 
gives a map, 

Since (_5f*)I m l ® jSfl m l is torsion-free, this map is injective. Let J C ^ be the 
image of (jSf *)l m J in It is not hard to see that for all t > 0, e #°(X, J^[* m l) 
gives a map, (^f*)[*™I ^/'c^. 

Let 7r : X ^ X be a log resolution with respect to the ideal sheaf J^, so that 
J 1 ■ & x ~ &x(—D) for some Cartier divisor Donl. For t > 0, we will also have 
that J 1 ■ ~ 0{-tD). The kernal of the natural surjection tt*J^ — » • G% 
will have support contained in the exceptional locus of 7r and thus will be torsion. 
This means, 

Hom(/' • 6%, &x) - Hom(TT*y\ 0%) 
This allows us to write the following series of isomorphisms, 
H°(X, (?x(tD)) ~ Hom(/ ! • 

~Hom(7r*/',^) 
~Hom(^\^ x ) 

-HomP*)'""',^) 
~ H°(X, Jf [tmI ) 

Once we have this the result follows from the analogous result comparing the as- 
symptotic growth rate of H°(X, 0(tD)) to k(X, @{D)) for a Cartier divisor on a 
complete smooth variety. See e.g. [3] [§10.2] . 

In the general case, let the inclusion i : X c — ► X make X into an almost com- 
plete normal variety. In particular, we take X to be a complete normal variety. 
Then i*Jz? is a rank one reflexive sheaf on X and we have equalities, 

K(X,3f) = k(X,uJ?) 

h°(X,£> [t] ) = h°(X, {u^) [t] ) for aU t > 

Then the result in the general case follows from the case when X is complete. □ 
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For a normal variety X with smooth locus X sm C X, we may observe that the 
Weil divisors on X restricted to X sm are exactly the Cartier divisors on X sm , and the 
rank one reflexive sheaves on X restricted to X sm are exactly the invertible sheaves 
on X sul . Furthermore in each case the objects on X are uniquely determined by their 
restriction to X sm . Thus by the natural correspondence between Cartier divisors 
and invertible sheaves, we see that there is a natural isomorphism C\(X) ~ RPic(X) 
between the divisor class group of X and the group of rank one reflexive sheaves 
on X up to isomorphism with reflexive tensor product. Furthermore there is a 
natural correspondence between effective Weil divisors on X and global sections, 
s € H°(X, Jzf ), of the corresponding rank one reflexive sheaf. In this paper we will 
write ffx{D) for the reflexive sheaf corresponding to a Weil divisor D. 

Given a rank one reflexive sheaf ifona normal variety X and a linear subspace 
L C H°(X,J^) we will define the base locus of L, bl(L), to be the set-theoretic 
intersection of all the effective Weil divisors corresponding to non-zero sections in 
L if L ^ {0}. If L = {0} we will let bl(L) be all of X. Notice that if L is finite 
dimensional then ipr, will be defined on the open set X sm \ bl(L). We will define 
the base locus of ££ to be, 

bl(Jz?) :=U(H°(X,3f)) 
We will define the stable base locus of Jzf to be, 

sbl(jSf) := p|bl(Jzf [t] ) 

t>o 

Similarly we will say a Weil divisor F is a fixed component of a linear subspace 
L C if (X, Jzf ) if F < D for every effective Weil divisor D corresponding to a 
non-zero sections in L. This is the same as F n X sm being a fixed component of 
L\x am - 

Proposition 1.6. Let X be a normal variety with rank one reflexive sheaf Jzf 
and L C H°(X, Jzf) a finite dimensional linear subspace. If F is a maximal fixed 
component of L, then, 

Proof. Since we may work over the smooth locus of X, where every divisor is 
Cartier, we may assume that X is smooth. Let sj? £ H Q (X, ffx{F)) be the section 
corresponding to the divisor F. Tensor product by sp defines a map, 

®s F : H°(X,J!?(-F)) -> H°(X,Jf) 

The map must be injective and since F is a fixed component of L, this subspace 
will be in the image of the map. Then (®s F y 1 (L) C H Q (X,J£(-F)) will be a 
linear subspace without fixed component which gives the same rational map as L. 
This means (£g)sp') -1 (L) is a subspace of ip* L ^?(l), which implies our statement. □ 

l.B. Generalized Kodaira-Iitaka Dimension. 

The definition of Kodaira-Iitaka dimension in subsection II. Al is essentially geo- 
metric in that it is based on the dimensions of the images of certain rational mor- 
phisms. However proposition 11.51 shows that Kodiara-Iitaka dimension is also re- 
lated to the rate of growth of the space of global sections of certain reflexive sheaves. 
These two ways of measuring Kodaira-Iitaka dimension leads one to two different 
possible ways of generalizing the invariant to schemes which are not almost com- 
plete normal varieties. In this subsection these generalizations will be worked out 
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in greater detail, being referred to as geometric and algebraic Kodaira-Iitaka di- 
mension. These notions will be used in various places throughout the remainder of 
the paper. 

Definition 1.7 (Geometric Kodaira-Iitaka Dimension). Let X be a variety and 
Jzf a rank one reflexive sheaf on X. Assume either that X is normal or that Jz? is 
an invertible sheaf. Define the geometric Kodaira-Iitaka dimension, n g (X, J£), as 
follows, 

(1) If /i°(Jf,_S?[*]) = for all t > 0, let K g (X,^) := -00. 

(2) Otherwise, let, 

K g (X,j2?) := max dim (^(X) 

where L is allowed to range over all non-trivial finite dimensional linear 
subspaces of H°(X, .if*) for some t > 0, and ipL ■ X --•» P N is the corre- 
sponding rational map. 

Note 1.8. This definition agrees with definition 1 1 . 41 when X is an almost complete 
normal variety. 

Let X and Jz? be as in definition ! 1 . 7l and let L C H°(X, be a finite dimensional 
linear subspace with corresponding rational morphism ipx, : X --■> P N . Let iCX 
be a subvariety. If J§? is not invertible, assume that A is normal and not contained 
in SingX. Also assume that A is not contained in bl(L). Then ip^ will be defined 
on a dense open subset of A. This means we may speak of the image, (Pl(A) C P . 
Furthermore, the rational map pl\a will be the same as the one corresponding 
to the subspace r{L) C H (A,&\*/), where r : H°(X,Sf) -» is 
the natural reflexive restriction map. These observations lead to the following 
proposition. 

Proposition 1.9. Let X, Jz? , L, ipL, A be as above. Then, 

dim^(A) <k b (A,&\*£) 

We will now consider the second generalization of Kodaira-Iitaka dimension, 
some of its properties, and its relation to geometric Kodaira-Iitaka dimension. 

Definition 1.10 (Algebraic Kodaira-Iitaka Dimension). Let X be a separated 
scheme of finite type over a field k, not necessarily algebraically closed, and a 
coherent reflexive sheaf on X . Assume either that X is integral or that & is an 
invertible sheaf. In this situation define the algebraic Kodaira-Iitaka dimension, 
n a {X,.^), as follows, 

(1) If 

h°(X, Sym [t] &) = dim fe H°(X, Sym [t] = 

for all t > 0, let K a (X, := -00. 

(2) Otherwise, let K a (X,,^) be the largest integer k such that there exists a 
constant < a with, 

at K < h°(X,Sym [t] &) 

for all sufficiently large and divisible t. 

(3) If such an a exists for every integer n, let n a {X, J?) := 00. 
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Proposition 1.11. Let f : X — > S be a flat projective morphism of noetherian 
schemes, and let Jz? be an invertible sheaf on X, then K,a(X s ,J£ s ) is upper semicon- 
tinuous as a function on S. 

Proof. For any t > [T] [III.12.8] tells us that, 

/i (fl ) j2f*) = dim fcW H°(X B ,J%) 

is upper semicontinuous. Since K a (X e , Jz? s ) measures the assymptotic growth of this 
invariant for large and divisible t, it is easy to see that it is upper semicontinuous 
also. □ 

Proposition 1.12. Let X,k,^ as in the definition of algebraic Kodaira-Iitaka 
dimension. Let k C K be a field extension and Xk, &k the appropriate scheme 
and sheaf after base extension. Then, 

K a (X K ,& K ) = K a (X,&) 

Proof. Let / : Xk — > X be the (flat) extension map. Then if X is integral, Xk 
will be also. In this case, since for any coherent sheaf, on X, 

Sym £ (/*.^') ~ /* (Sym* and (/* J?')* ~ }*{<?'*) 

we have, 

Sym 1 * 1 ~ /*(Sym [t] &) 
This also holds in general when & is an invertible sheaf. 
Since K is flat over k, we know from [TJ III. 9. 3] that, 

H°{X K ,SymW & K ) ~ H°(X K ,f*(Sym^ &)) ~ B°{X,Sym^ ® k K 
and the proposition follows. □ 

Proposition 1.13. Let X and Jz? be as in the definition of geometric Kodaira- 
Iitaka dimension. Then, 

K g (X,J?) < K a {X,%) 

Proof. If X is normal and Jz? is a rank one reflexive sheaf, then we have, 

toftmi'^sm) = K a (X , Jz?) 
Kg{X snl , Ji? sm ) — Kg(X , Jz?) 

Thus we may assume that Jz? is an invertible sheaf. 

Assume K g (X,J?) > 0. Choose m > 0, L C H a (X,^f m ) so that K g (X,&) = 
dim.(pz J (X). By the definition of we have, 

H a (tp L (X), ff(t)) ~L f C H (X,^f tm ) 

Since the Hilbert polynomial of </?/,(X) has degree dim^i(X) = /c„(X, Jz?) = K g , 
we have for some a > and all f ^> 0, 

< h a ((pUX),0{t)) 

< h°(X,^ tm ) 

From this the proposition follows. □ 

Proposition 1.14. If X is an almost complete normal variety in characteristic 
and Jz? is a rank one reflexive sheaf on X , then, 

Proof. This follows from the discussion so far and in particular proposition 1 1.51 □ 
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2. KODAIRA-IlTAKA DIMENSION ON A S TJB VARIETY 

2. A. Divisorial Valuations. 

Next we will consider prime divisors on a normal variety and also divisorial 
valuations. A prime divisor, that is, a closed integral subvariety of codimension 
one, on a normal variety determines a discrete valuation ring with the function 
field of the variety as its quotient field. This may be abstracted to define the 
concept of divisorial valuation rings. 

Definition 2.1. Let if be a finitely generated field over an algebraically closed 
field k with tr. deg fc if = n, let v be a discrete valuation on if, let i? C if be the 
corresponding valuation ring, and let be the maximal ideal of R. If, 

tr. deg fc R/ttir = n — 1 

we will say that v is a divisorial valuation on K and that R is a divisorial valuation 
ring with quotient field if. 

If X is a variety with function field if and Y a prime divisor on X such that 
{ffx,YT m y) — (-Rj to -r) in if = K(X) we will say that (X, Y) is a model for v or 
for R. 

It is not a priori clear that a given divisorial valuation has a model. However if X 
is a complete variety and R is a divisorial valuation ring with quotient field K{X) 
we may always associate to R a closed subvariety of X. In such a case X is proper 
over Specfc. Since there is natural map Spec K (X) — > X, we know by the valuative 
criterion of properness that Speci? — > Specfc has a unique lift, / : Speci? — > X. 

Definition 2.2. We will give the name center x R to the closure of the image of 
the unique closed point in Speci? under the above morphism, / : Speci? — > X. 
Then center x R will be a closed subvariety in X. 

The following proposition is Lemma 2.45 in [5]. 

Proposition 2.3. Let X be a complete variety over k, and R be a divisorial valu- 
ation ring with quotient field K{X). Define inductively, 

(1) X := X 

(2) If (Xi , center x { R) is not a model for R, letiii+x : Xi + \ — + Xi be the blow-up 
of Xi along center;^ i? 

This process eventually terminates. That is, for some r > ( X r , center x T R) is a 
model for R. 

We will now consider the restriction of a divisorial valuation ring to a subfield 
of its quotient field. This will be useful for studying the image of a prime divisor 
under a dominant rational map. 

Let k be an algebraically closed field and let (K, i?) be a pair, where if is a 
finitely generated field over k with tr. deg fc K = n and i? is a divisorial valuation 
ring with quotient field K and maximal ideal ma, corresponding to a valuation v 
on K . Consider a subfield, K' C K with tr. deg fc K' = m < n. It is possible that 
mp/CiK' = {0}. If this is not the case, v\k> is a valuation on if'. Then i?(~lif' C K 1 
is a discrete valuation ring with maximal ideal mji n if'. 

Proposition 2.4. Let K,R,v,K' ,171r be as above. If ran H if ' ^ {0}, then v\k> 
is a divisorial valuation on if' with valuation ring R l~l if'. 
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Proof. We only need to show that tr. deg fc (i? n K') / {rriR (~l K') = rn — 1. We easily 
see that tr. deg fc (i? D K') / (mu n K') < m— 1, since uir OK' ^ {0} is a prime ideal 
of height at least 1 in R n K' . 

Let {/i, . . . , f r } C Rn K' be chosen such that {/,} is a trancendence basis for 
(R (~1 K')/(mR n if') C R/mn over fe. Then complete a trancendence basis for 
R/mji by choosing {<?!, . . . C i? so that {fi,~g~j} is a trancendence basis for 
R/m,R over A;. 

Lemma 2.5. In rte above, the elements of {gj} are algebraically independent and 
trancendent over K' . 

Proof. Suppose otherwise, then there would be a nontrivial polynomial 

F(xi, ...x s ) = 2_j c i x i tA ' ' ' x s i,s 

with coefficients in K' and F(g\, . . . , g s ) = 0. Consider the valuations, v{ci), of 
the coefficients of F. Let the minimum be achieved by c m ; n . Then c^ n F has 

coefficients in R n K' , and c~[ n F is a nontrivial polynomial with coefficients in 
(R n K')/(mR fl K') such that F(g~i, . . . = 0. This would make the elements 
of {g~j} algebraically dependent over (R n K')/{mR n K') and thus over fc(/j). But 
this contradicts the choice of {3^}. □ 



The lemma implies 

s < tr. deg^/ K = n — m 

Also we know 

7- + s = n — 1 = tr. dcg fc R/niR 
Thus we have r > to — 1 , proving the proposition. □ 



We wish to consider the geometric consequences of this algebraic fact. We im- 
mediately have the following. 

Corollary 2.6. Let X and V be varieties and ip : X — » V a dominant rational 
map corresponding to K(V) C K{X), let R be a divisorial valuation ring with 
quotient field K(X). Then either R fl K(V) = K(V) or Rn K(V) is a divisorial 
valuation ring with quotient field K(V). 

If in the above situation R has a model of the form (X,Y), we may reach the 
following conclusion 

Proposition 2.7. Let X,V,ip,R be as in Corollary \2.6l Suppose that (X,Y) is 
a model for R and that V is complete. If R n K(V) = K(V) then ip(Y) = V. If 
R n K(V) ^ K{V) then ip(Y) = centery R n K (V). 

Proof. If R n K(V) — K(V) then the generic point of Y is taken to the generic 
point of V- in other words, ip(Y) = V. If R H K(V) ^ K(V) then R n K(V) 
is a divisorial valuation ring with quotient field K(V). It is not hard to see that 
ip(Y) — centery R n K(V). □ 
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2.B. Kodaira-Iitaka Dimension on a Prime Divisor. 

Proposition 2.8. Let X be a normal variety and Y C X a prime divisor. Let 
tp : X — » P N be a rational map. Then, either tp(Y) = <p(X), or we may choose 
e > so that, 

dmnp{X) - 1 < K g {Y,(<p*0w(n)[®]0x(-bY))\?) for alln,b>0, ^<e 

Proof. With the situation as above. Let V = <p{X) C P N . Then V is com- 
plete and the rational map ip corresponds to the inclusion K(V) C K(X). Let 
R = ffx.Y Q K(X). To prove the theorem we may assume dim ip(Y) < dimV, 
since otherwise we are done. 

First suppose that <p(Y) C V is a divisor. Let H be the divisor on V corre- 
sponding to ^V(l), and Z be a Cartier divisor on V with Z > <p(Y). Since V is 
projective, its cone of ample divisors is open in N 1 (V r ). This means we may choose 
e > so that H — ^Z is ample as a Q-divisor for all n, b > 0, — < e. Thus the line 
bundle (&v{n) ® (?v(—bZ))\ v ( Y ) is ample. It follows that, 

dimtp(X) — 1 = dim ip(Y) 

< K g (Y, ip*((ff v (n) ® e v {-bZ))\ v{Y) )) 

< K g (Y,{<p*0 V N{n)[®]0 x {-bY))\¥) 

Assume then that ip(Y) is neither V nor a divisor on V. By Corollary 12.61 and 
Proposition 12.71 R P\ K (V) is a divisorial valuation ring with quotient field K(V), 
which has center <p(Y). Then according to Proposition ^. 31 there is a resolution by 
blow-ups, 

V = V r ^ V r -i -> * Vi ^> V = V 

such that (V, center^ R D K(V)) is a model for R n if(V). Let Wj C V be the 
exceptional divisor of the blow-up 7T$. By a slight abuse of notation, let Wi also 
represent the pull-back of W{ to V. Note that these Wi are Cartier. 

Lemma 2.9. Let H be a very ample divisor on V , then for some {a, S Q}, 1 3> 
«i > . . . > « r > rae /iawe that, 

is ample as a Q-divisor on V — V r . 

Proof. According to [H II. 7. 10] and the fact that ^V, (1) = 6 Vl (—Wi), we have that 
niirlH — Wi is very ample on Vi for ni ^> 0. Thus it^H — a{W\ is ample, where 
we can choose ol\ € Q arbitrarily small and positive. Continuing in this manner we 
get our result, where at each step we can choose ai arbitrarily small compared to 
the a's already chosen. □ 

We may however say more than this. In particular, let us consider the set of 
possible {on} for which tt*H — ^ ai^Wi is ample as a Q-divisor. There is a natural 
linear map / : W -> N^V), 

/ : (a-i, . . . ,a r ) i-> n*H - ^ajWi 

Since V is projective, its cone of ample divisors, Amp(V) C N 1 (V), is open and 
convex. This means the inverse image / _1 (Amp(V)) C W is also open and convex. 
Also, according to lemma 12. 9[ we can choose 1 > Qi > . . . > a r > so that 
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(ax,...,a r ) e f-\Amp(V)). 

Now let ip : X V be the appropriate rational map. We know from proposition 
12.71 that (p{Y) = center y R O K(V). Since this is a model for an abstract prime 
divisor, we know &m\(p(Y) — cVvmV — I = dimy — f . 

Since V C P^, ^pw(l)|y = i^V(l) is a very ample divisor on V. Let L be 
the divisor on X corresponding to (p*^ p n(1). As in the discussion above, choose 
f > ai > . . . > a r > and n > so that {it*ff v (n) ® ff v (-nY^UiWi)) is very 
ample on V. Let ip : V — > P M be the embedding corresponding to this divisor. 



V 

■J 



Then rp o (p : X —■* P M is a rational map with dim-0 o <p(Y) = dimV — 1. Note 
that if*TT* = <P*£?v(l), since they agree on the domain of definition of <p, U. 

Therefore we have, 

{i/>o0)*ff rte {l) = ffxHL-^ctipWi)) 

For each W% let (p*Wi — Di + rriiY, where Di is an effective (possibly zero) divisor 
on X not containing Y in its support, m, > and m r > since <p(Y) C W r . Then 
-0 o ip is the rational map corresponding to a linear subspace of, 

H° (X, 6 X aiDi - (H a ' m ) Y ) ) ) 

Since the rank one reflexive sheaf above is the pull back of ff r u{l), it will not have 
any fixed components and Y, being a divisor, will not be contained in its base locus. 
Neither will Y be contained in Sing X which has codimension at least 2. Therefore 
by proposition 1 1.9i we have, 

dimV - 1 = dim^ o (p(Y) < Kg (Y, 6x «iA - ^m;) y)) |") 

Also each _D,; intersects Y non-negatively, so we have, 

n g (Y, G x (n (i - 2 A - y )) |" ) 

< n g (Y, ff x (n (L - (V otirm) y] 



We are interested in the possible values of ^ cciTOj. This quantity may be chosen 
to be any value in the image of / _1 (Amp(Y)), as above, under the linear map, 



(a-i, . . . , Or) i-> ^ 



ourm 



Since such a linear projection is an open map, the image will be open and convex 
in R. Also, according to lemma [2~!H it contains arbitrarily small positive values. 
Thus there exists e > so that ^2 earrii may be taken to be any rational number 
in the open interval (0, e). In terms of rank one reflexive sheaves this means, 

dinWJT) - 1 < Kg(Y, {(p*ff V N (n)Mff x (-bY)) It*) for all n,b > 0, - < e 

n 

□ 
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Theorem 2.10. Let X and Y C X be as in Proposition \2.8\ and let Jz? be a rank 
one reflexive sheaf on X. If K g {X, Jz?) > 0, then for a > 0, sufficiently large and 
divisible, there exists an integer m > 0, which is taken to be zero ifY is not a fixed 
component of \Sf^ a \ and real number e > such that one of the following holds, 

K g (X,J?) < Kg(Y, {^[®]0(-Y)^)\*y*) 

or, 

< K s (Y,(Jz? [o] [®]^(-y) [m] )||?) and, 
K g (X,Sf) - 1 < K g (r,(^ [nal [®]^x(-^) [m " +&1 )|y) foralln,b>0, ^<s 

Proof. If K g (A, Jz?) = — oo we are done. Thus we may assume that for a large 
and divisible, there is a subspace L C H°(X, Jz? I a l) such that ipL '■ X —* P N is a 
rational map with K g (X, Jz?) = dim ip l(X) . Let L have maximum fixed component 
F = D + mY . If Y is not a fixed component of Jz?[ a l, we can choose L so that 
m = 0. By proposition [TBI we know that Jz?[ a l [®]ff x {~F) = ip* L r N{l). 
We have by proposition [Ol and the fact that h°(Y, X {D)\%) > 0, 

dim^ L (r) < n g (Y,{^[®]ff x {~F))\i;) 

<n g {Y,{^[®]ff x {~Y)^)\r) 

If (Pl(Y) = ^Pl{X) we have, 

Kg(X,&) < K g {Y, (^ a \®]0{-Y)^)\*y*) 

Otherwise, we still have, 

0< K g {Y,{^[®]0{-Y)^)\* Y *) 
Also, by Proposition 12.81 in this case, 

K g (X,J?) - 1 = dim^(A) - 1 < n g (Y, ({^[®]0 x {-F))^[®]0{-bY)) 
for all n, b > 0, — < e. However, 

k 9 (Y, ({^[®)0 x (~F))^[®]e(-bY)) ||?) 
= k 9 (Y, (^ [na] <g> ^(-n£> - (nm + 6)y))|? ) 

< Kg (Y, (j? na ® ^ x (-r)[ nm+fc ])|^) 

□ 

2.C. Application to Subvarieties of any Codimension. 

By using blow-ups, we may apply these results to the case of a small normal 
pair (X, A) . We will start with the case when both X and A are smooth, A is 
closed in X, and Jz? is an invertible sheaf. In order to avoid an overly cumbersome 
statement, the result will be simplified and slightly weakened here, but it will be 
easy to see how Theorem 12.101 yields a slightly stronger statement than given here. 

Proposition 2.11. If X is a smooth variety, A C X a smooth closed subvariety 
of codimension d with normal sheaf ^Va\ X > an d -S? on invertible sheaf on X, then 
for some integers n.\ > 0, n-i > 0, 

K g (X, Jz?) — 1 < n a {A, Jz?" 1 U ® Sym" 2 Jf*\x) 
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Furthermore, if A is not contained in the stable base locus of Jz? , we may choose 

Tlx 3> 722. 

Proof. In the case d = 1 this follows immediately from theorem l2.10l and proposition 
11.131 taking n\ — na, no, — nm + b or nm; thus assume d > 1. 

Let 7r : X — > X be the blow-up of X along A. Let V C X be the exceptional 
divisor. Then according to [IJ II. 8. 24], it : Y — ► A is isomorphic to the projective 
space bundle, f(.vV^ x ) with corresponding to ^P(<^f| JC )(l) < I n particular this 

means by [TJ II. 7. 11] that, 

^-|^Sym fc ^ |x 

Since 7r*^ = ^x, we have, K g (X,Jif) = K g (X,ir*Jz?) = k. 
We may apply theorem 12.101 to conclude, 

K - 1 = Kg(X, 7T*if) - 1 < Kg {Y, 7r*Jf ni | r <8> ^£ 2 ) 

for ni = na, n 2 = nm + 6 or nm. 

In terms of the assymptotic growth of global sections, this means, 

at*- 1 < /i°(r,7r*Jf tni |y 

for some a > and i large and divisible. 

By an application of the projection formula we have, 

h\yy^\ Y ® .j^-p) = h\A,^(-K*^\ Y ®jr-^)) 

= h°{A,^\ A ®TT^-^) 

= h°(A,J? tn i\ A ®Sym tn2 ^* lx ) 

= h°(A, Sym^JzT 1 ® Sym" 2 ^ |x )) 

From this the first statement in the proposition follows. 

If A is not in the stable base locus of _5? , then we may choose a so that Y is 
not a fixed component of 7T*J2? a . Thus in this case we may choose n\~^ n^ = b or 
0. □ 

Theorem 2.12. Lei (X, A) 6e a small normal pair. Let -jVa\x be the normal 
sheaf of A in X, and jSf a rank one reflexive sheaf on X. Then for some integers 
n\ > 0, n 2 > 0, 

K(X,jSf) - 1 < Ka (A^ [ " l] »] Syrm n2 l^ |x ) 

Furthermore, if A is not contained in the stable base locus of iaen we may choose 
ni > n 2 . 

Proof. Let £/ = X\(SingXUSingAU^\A). Then [/ and An U are smooth, AnU 
is closed in f7, S£\\j is an invertible sheaf, codimx(^ \ U) > 2, and codim^A \ 
(AnC7))>2. 

Then we may apply proposition 12 . 1 1 1 to AnU <Z U and S£\u and observe that, 
n a (A, 2 ™ \* A *{®} Syml" 2 ! JTX\x) = *a(An U, ^ Una ® Sym" 2 ^1^^) 

and, 

K(X,jSf) - K(^JSflD-) - «„(!/, JSf |u) 
to conclude what we desire. 

□ 
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2.D. Connections with the Related Results of T. Peternell, M. Schneider 
and A.J. Sommese. 

In [7j, T. Peternell, M. Schneider and A.J. Sommese establish an inequality 
similar to the one in theorem 12.121 theorem 2.1]. They use this inequality as 
a basis for proving several results relating Kodaira-Iitaka dimension on a variety 
to Kodaira-Iitaka dimension on a subvariety. These results can be proved using 
theorem 12. 121 in place of [71 theorem 2.1]. 

Before stating these results we need to introduce three definitions. 

Definition 2.13 (Q- Effective) . A coherent sheaf & on an almost complete nor- 
mal variety is said to be Q-effective if these exists an integer m > such that 
Sym' m '(J^**) is generically spanned by global sections. 

Definition 2.14 (Generically Nef). A coherent sheaf & on an almost complete 
normal variety, X is said to be generically nef if for some open U C X with 
codimx \ U) > 2, J^"|[/ is locally free and nef. 

Definition 2.15 (Arithmetic Kodaira Dimension). The arithmetic Kodaira dimen- 
sion of an almost complete normal variety is defined to be, 

k(X) :=k(X,0(K x )) 

Note 2.16. If X is smooth, k(X) agrees with the usual Kodaira dimension. If X is 
any normal variety and X — ► X is a resolution of singularities, then, 

k(X) < k{X) 

But this inequality may be strict in some circumstances. 

Theorem 2.17 (see [7j theorem 4.1]). Let (X, A) be a small normal pair in char- 
acteristic and if a rank one reflexive sheaf on X . If J^a\x * s Q~ effective, then, 

k(X, if) < k(A, Sf\*/) + codim x A 

In particular, 

k(X) < k(A) + coding A 

Proof. This is an application of theorem l2.12l Restricting ourselves to characteristic 
allows us to apply proposition 1 1 . 51 at the appropriate places. 

Let k = k(X, if) and d — codimx A. For t large and divisible we have, 

at*- 1 < h a {A,^ tn ^[®\ Sym [t " 2l ^2 |x ) 

for some a > 0, ni > and n 2 > 0. If n 2 — 0, we have, 

at*- 1 < h (A,^ tni ^\X) 

This would mean k-1 = k(X, if) — 1 < k(A, J^\ A *), which establishes the theorem. 

Thus assume n 2 > 0. Since jYa\x is Q-effective, we may assume that for t large 
and divisible enough, Sym'*™ 2 ' ^a\x is generically spanned by global sections. This 
means Sym [ *" 2l ^* |x « — ► 0® M , where M = rk Sym [t ™ 21 jV A \ x < f3 1 (tn 2 ) d - 1 . 
Then we have, 

ft (i,if' tni l|7[®] Sym [tn2] ^X\x) < /i°(A,if [tniI |7[®]^| M ) 

= Mh°{A,^ [tni] \ A *) 
<Pi(tn 2 ) d - 1 p 2 (tn 1 )< A ^ 
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Putting this together we have, 

at^ 1 < p 1 p 2 nt iA '^ 7) nt^ A ^ +d - 1 
for t large and divisible. This means, 

The second statement in the theorem follows since for jY a \x Q-effective we have, 

k{A,0{K x )\a) < <A) 

□ 

The next two results follow from theorem 12.121 [7, lemma 3.8], lemma 3.9] 
and [Jj lemma 3.10]. Their proofs may be found in [Jj. In those proofs theorem 
12.121 may be used in place of [7j theorem 2.1] to produce the same arguments. 

Theorem 2.18 (0 theorem 4.3]). Let (X, A) be a small normal pair over C. 
Suppose A lies as an open subset in a complete normal variety A with codim-j(^4 \ 
A) > 2, such that A has at ivorst terminal singularities and admits a good minimal 
model. If JYa\x * s generically nef, then, 

k(X) < k(A) + codimx A 

Theorem 2.19 ([Jj theorem 4.4]). Let (X, A) be a small normal pair over C and 
a rank one reflexive sheaf on X . Suppose ££ is Q-Cartier and J£\* A * is semi-ample. 
If ^A\x ^ generically nef, then 

k{££) < k{5?\*£) + coding A 

To give more detail we may look at the inequality of interest in [7J. 

Theorem 2.20 ([Jj theorem 2.1]). Let (X,A) be a small normal pair over C and 
«5f a rank one reflexive sheaf on X . Then there is a positive integer c such that for 
all t > 0, 

ct 

h° (X,^)<Y,h Q {A,^\ A * [®] Syml fc l JTX\ X ) 

k=0 

A similar inequality can be shown as a corollary of theorem 1 2 . 1 01 using the meth- 
ods in subsection 12. CI This inequality, which is below, has the advantage that the 
constant c, controlling the contribution from jV A \ x compared to that from J£\* A *, 
can be chosen to be arbitrarily small when A is not in the stable base locus of 
££ . However it has the disadvantage that we must choose a scaling factor (3 > 0, 
making the inequality assymptotic rather than precise. 

Corollary 2.21 (of theorem I2.10j) . Let (X, A) be a small normal pair and Jz? a 
rank one reflexive sheaf on X. Then there exists a constant (3 > and positive 
rational number c, which can be chosen to be arbitrarily small if A is not in the 
stable base locus of Jzf , such that for all sufficiently large and divisible t, 

Lc*j 

h° (X, J?W)<f3Y, h ° (A ^ ^ \a [®] W ^ ^A\x) 
k=0 

Proof. This follows by using the full extent of theorem 12.101 applying the blowing- 
up methods of subsection 12. CI and doing some arithmetic to fit the results into the 
form of the sum in the corollary. □ 
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3. KODAIRA-IlTAKA DIMENSION ON INTERSECTING PAIRS OF SUBVARIETIES 

3. A. Inequality for Subvarieties Intersecting Nicely. 

In this section we will consider the situation of a pair of subvarieties, A and 
B, in X. We will work over characteristic throughout this section in order for 
morphisms to have dense open smooth loci. We will begin by finding an inequality 
relating the dimensions of the images of X, A, and B under a rational map in the 
case that A and B intersect in a very nice way with respect to this map. 

Let X be a variety over an algebraicallly closed field k of characteristic 0. Let 
ip : X ---> V be a dominant rational map, U C X the open set on which ip is defined 
and C/ sm C U a smooth open set on which ip is a smooth morphism. If A C X is 
any subvariety with A n U ^ 0, let ip(A) C V be the closure of ip\u(A n E7) in V. 

Definition 3.1 (Transverse Intersection) . Let A, B C X be subvarieties of a variety 
X. We will say A and £? intersect transversely at a closed point, x G X, if a; G AnB, 
and Tx> = Ta, x + T" B;X . 

Proposition 3.2. If A,B C X are subvarieties which intersect transversely at a 
closed point x G U sm such that tp(A) and <p(B) are smooth at ip(x) G V then, 

dim V < dim <p(A) + dim (f(B) 

Proof. Since ^ is smooth on f7 sm , the tangent map, T v : Tx, x — * 7V i¥ j(x)i wm be 
surjective. By transversality we have, 

Ta,x + Tb, x = Tx,x 

We necessarily have T v Ta, x Q ^(A),^)- Therefore, since we assume y>(.A) and 
are smooth at we have, 

dim V < &iu\T v ^ x) 

= dim(T v(A ) i¥ , (a .) + T V ( B ), V ( X )) 
< dim </?(A) + dim ip(B) 

□ 

Lemma 3.3. Let A,B <Z X be subvarieties and Y = A C\ B be their scheme 
theoretic intersection. Suppose there exists a smooth open subset W CY such that 
dimW = dim A + dim_B — dimX. Then A and B intersect transversely at every 
closed point x G W which is smooth in X. 

Proof. Let x G W be a closed point, smooth in X. Suppose A and B do not 
intersect transversely at x; then we have, 

Ta,x + Tb, x 7^ T x , x 

dim(T A ,x n T B ,x) > dim T A , X + dim.T B , x - dimX > dim ,4 + dimB - dimX 
Since W is an open subset of A n B containing a; we have, 

dim TV,* = dim(T^ >a: n Tb, x ) > dim ,4 + dimB - dimX = dimLy 

This contradicts the smoothness of W and demonstrates the lemma. □ 
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3.B. Inequality for Families of Subvarieties with Dominant Proper Inter- 
section Locus. 

We will now begin to consider families of subvarieties in X. It is natural to allow 
the objects in the families to degenerate to non-integral subschemes. In particular 
we will use the following notion of an algebraic family of subschemes of X. 

Definition 3.4 (Algebraic Family of Subschemes). Given a variety X, we will 
define an algebraic family of subschemes of X of dimension d over a scheme W to 
be a closed subscheme srf C X x W such that p2 : srf — ► W is dominant and every 
non-empty fiber si w has dimension d over k(w). 

If pi : srf — > X is dominant we will say srf is a covering family. If is a variety 
we will say the family is integral. 

Note 3.5. If g : [{/] — * W is a well defined family of proper algebraic cycles of 
a variety X of characteristic in the sense of [H 1.3.10] and U is integral, then 
U C X x is an algebraic family of subschemes and for every u> 6 W, 

supp g^^iw) — suppU w 

We will want to consider pairs of covering algebraic families of subschemes which 
will correspond to two subvarieties A and B moving with great freedom in X. We 
will also ask that these families intersect in a "nice" way defined as follows. 

Definition 3.6 (Dominant Proper Intersection Locus). Let &f CIxS, S3 £ XxT 
be integral algebraic families of subschemes over varieties S and T. We will say 
that si and S3 have a dominant proper intersection locus if there exists an open 
subset t/prop C X such that for all closed points x £ U pTop , there exists closed 
points s £ S, t £ T with s/ s and S3 t intersecting properly and x £ s/ a D S§t ■ 

For the rest of the discussion in this subsection, fix two integral algebraic families 
of subschemes, £ X x S, SB £ X x T oi dimension dA and ds over varieties S 
and T with a dominant proper intersection locus. Notice that this last condition 
implies that both families are covering families and that dA + ds > dimX. 

Consider the intersection subscheme, 

Y = sz7xTnS§xS£XxSxT 

Proposition 3.7. Y has an irreducible component, Y', for which pi :Y'^X and 
P2 x p 3 : Y' — > S x T are dominant and for which, 

dim Y ' = dim &f + dim SS — dim X 

Proof. Since and S3 are dominant over X we know by p] ex. II. 3. 22] that there 
is an open set U' C X such that for x £ U' dim g/ x — dim — dim X, dim S3 X = 
dim S3 — dimX. These must be pure dimensions. We always have, 

Y x - &/ x x S3 X 

Thus for x £ U', we have, 

dimY,; = dim^ + dim^? - 2dimX 

By definition &/ s intersects S3 t properly exactly when dimK^t = dim^ PI S3 t = 
dA + Ab — dim X (i.e. the dimension of the intersection is as small as possible). 
This means by [H ex. II. 3. 22] again that this is an open condition in the scheme- 
theoretic image p2 x ps(Y) £ S x T . Let this properness condition correspond to 
R^P2 xp 3 (Y). 
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Then pj" 1 (C/' n U piop ) fl (j>2 X p3) _1 (i?) C Y is an open subset and according to 
our assumption dominates U' fl U pxop . Let Y' CY be the closure of an irreducible 
component of this open set which dominates U' (~l U pTop and is of maximal dimension 
with respect to this criterion. Then dimensional considerations show that, 

dim Y' = dim s/ + dim 8$ — dim X 

and that Y' must also dominate S x T. □ 

Proposition 3.8. There exists a non-empty open subset W C Y' P\ (U x S x T) 
such that for all closed points, (x,s,t) € W , ip(s/ s ) and f(£$t) are smooth at <f{x). 

Proof. Consider the open set p 1 " 1 (/7) C si and the subvariety, 

(f\uxid)(p^(U))CVxS 

Let Y{#f) C (y)^ x id)fc 1 {U)) be an open subset on which the projection to S is 
smooth and let W(sf) = (ip\u x id) _1 (Y(,£/)). Then W(sf) C .gf is open and for 
any closed point (x, s) 6 W(s/), f(s/ s ) is smooth at y(x). Similarly we may define 

W(^) c m. 

Since ^ and 3$ are integral, we have, 

dim W(sf) c < dims/ - 1 
dimW(M) c < dim&- 1 

This means that for a general i£l, 

dirnVK^)^ < dim.e/ - dimX - 1 
dimW(.#)£ < dim^ - dimX - 1 
dim WOO" x ^ U dim W{Sf)% x < dim ^ + dim ^ - 2 dim X - 1 

In this case it follows that Y' n (W(j^) x T) n (W(2S) x S) CY' is non-empty. Let 
W be this open subset. □ 

Now let K = K(S x T) be the algebraic closure of the function field of S x 
T. Let Xx 1 Uki (Usm)K be the appropriate varieties under field extension and 
Ak,Bk,Yk,Yk be the pullbacks of x T, S3 x S,Y,Y' under the generic map 
Specif — > S xT. Similarly let ifx : Xk —■* Vk be the rational map corresponding 
to if under field extension. 

Proposition 3.9. There is a non-empty open set W' K C Y' K DUk such that for all 
closed points x £ W' K , ipk(Ak) and ipk{Bk) are smooth at fxix). 

Proof. Let W' C Y' be as in proposition 13.81 If we follow that proof we find that 
(Y(s/) x T)k C <pk(Ak) defines a non-singular open set. We have, 

W{^) K = f K 1 ((Y(sJ)xT) K ) 

and W{3S) K is defined similarly. Then W' K = Y K n W{sf) K n W{B8) K has the 
desired property. □ 

Proposition 3.10. There exists a non-empty smooth open subset, Wk C Yk f~l 
(U S m)K such that dim^ Wk = dim^ Ak + dim^- Bk — dim^- Xk and for all closed 
points x € Wk, ¥>k(Ak) and lpk{Bk) are smooth at fK(x). 
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Proof. Y' K is a component of Yk ■ Since dim!" = dims/ + dim 38 — dimX, it follows 
that, 

diniA" Y K — d,A + ds — dim X = dim^ Ak + diruK £?x — dim^ Xk 

Let F sm be the smooth locus of Y K . Then let W K = Y sm nW' K n (U sm ) K C Y£. 
It is not hard to check that Wk is non-empty and satisfies the conditions in the 
proposition. □ 

Corollary 3.11. Let tpx : Xk — > Vjc, Ak and Bk be as in this section, then, 

dimVx < dim (Pk{Ak) + dim ipk(Bk) 

Proof. This follows from proposition 13.101 proposition 13.21 and lemma 13.31 □ 

3.C. Inequality for Subvarieties Moving as Cycles in Covering Families 
with Dominant Proper Intersection Locus. 

Finally, we will want to use corollary |3.11l to prove a relation between Kodaira- 
Iitaka dimension on a projective variety and Kodaira-Iitaka dimension on subvari- 
eties that move as cycles. In order to this we will have to do some work with well 
defined families of algebraic cycles. 

Proposition 3.12. Let g : s/ — > S be a projective morphism of varieties over k. 
Suppose [sf\ S is a well defined family of algebraic cycles over S in the sense of 
[H 1.3.10]. Let J2? be an invertible sheaf on s$ ' . Let £ G S be the generic point and 
s € S an arbitrary point. Then there exists a subscheme A C (s) proper over 
k(s) such that [A] = g^-~^(s) and, 

Kaig- 1 ^),^) < K a (A,J?\ A ) 

Proof. By generic flatness, there is an open subset, So C S such that g is flat over 
Sq. Then by proposition 1 1 . 1 ll the function K a (g^ 1 (y), J£ y ) is upper semicontinuous 
for y G S - 

Choose h:T — > S where T is the spectrum of a DVR, h(T g ) G So and h(T ) = s. 
Then according to the definition of a well defined family of algebraic cycles there 
exists a subscheme C srf Xh T with g' : s/^ ~ > T a flat morphism such that 
g'^iTg) = g^ihiTg)) and [ff /-1 ( T o)] = g^{s). Since g' is flat there is an upper 
semicontinuity condition for K a (g'~ 1 (y),J£'y). Putting these together gives, 

KaQ,- 1 ®,^) < K a {g- l {h{T g )),J? h{Tg) ) < K a {g'-\T Q )^\ g ,^ {To) ) 

Let A = g'- 1 (T ). □ 

Theorem 3.13. Let X be a projective normal variety over an algebraically closed 
field k of characteristic 0. Let A, B be closed normal subvarieties. Suppose [A] 
and [B] each move in a well defined integral family of proper algebraic cycles of X 
over a variety, such that for a general closed point x G X there are members of the 
families, [A'], [B'\, such that A 1 and B' intersect properly and x G A'flB'. Then 
for any invertible sheaf Jz? on X we have, 

k(X, J5f) < k(A, %\ a ) + k(B, jSf | b ) 

Proof. Since the families are integral and contain as members the prime cycles [A] 
and [B], they will be given by gA ■ — > S and gs ■ \&8\ — > T, where S and T are 
varieties and srf C X x S and & C X x T are closed subvarieties. Then s/ and 
B§ are integral families of subschemes over varieties and the intersection criterion 
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in the theorem ensures that they have a dominant proper intersection locus. This 
will allow us to apply corollary 13. Ill at the appropriate place. 

If k(X, _Sf) = -co we are done. Thus assume k(X, J£) > 0. Choose m > so 
that if if : X — ■> ¥ N is the rational map determined by the complete linear system 
H°(X,^f m ) with V = ip(X), then dimV = k(X,5?). 

By taking pullbacks we may consider Jzf to live on stf and S$ as well as X. Let 
K = K(S x T) and (sGS, £t G T be the generic points. Notice that ^4#- and 
in the last section correspond to g A 1 (^s)K and 3b 1 (^t)k and the rational map 
(fiK ■ Xr Vk comes from the linear system H° (X k , -^k ) ■ Furthermore, since 
the base locus of is equal to (bl(Jz? m ))K and both st and 38 are dominant over 
X, neither Ak nor Bk is contained in bl(«5f^). Similarly neither Ak nor Bk is 
contained in Sing A" a-. Also, for some sq G S, A is the unique proper subscheme of 
X for which [A] = g^ A 1 '(so)- A similar statement holds for B. 

Given all of this, we have the following series of inequalities, justified as indicated. 

/e(X,JSf) = dim K V K 

< dim ipK (Ak) + dim<^(£?^) (corollary 13. lip 

< K g (A Kl 3?k) + k 3 (Bk,^k) ( proposition 1 1.9[) 

< K a (AK,^K) + K a (BK,^K) (proposition [L13J) 
= WaCflA 1 ^),^) + ^(Ss 1 ^),^) (proposition 1L12J) 

< K a (A, 3?\ A ) + n a (B, if |s) (proposition EE) 

< K(A,Jf\ A ) +k(B,3?\b) (proposition Ol]) 



□ 

We will now look at some examples in order to give context to theorem 13. 131 

Example 3.14. This example will show that the inequality in theorem 13. 131 may 
be strict in some circumstances. 

Let X be the Hirzebruch surface Ppi(<?? G\— 1)). The divisor class group of 
X is generated by divisors Co and F, where F is a fiber of the natural surjection 
7r : X —> P 1 and Co is the unique section of ir in X with Cq = —1. 

The divisor Co + 2F is very ample on X. Let B be a general smooth member of 
the linear system |Co + 2F\ which can be chosen to pass through a general point, 
and let A ~ F be a general fiber. Then A and B move in natural covering families 
with dominant proper intersection locus. Let Jz? = &x(Cq). Then, 

degJ?U = C .F= 1 /t(i4,JS?U) = l 

degJf| s =C .(C + 2F) = 1 K(B,jSf|B) = l 

However, since Co is a fixed divisor, we have k(X, j£f) = 0. Thus the inequality 
in theorem 13.131 need not be an equality. 

Example 3.15. This example will show that some condition on the proper inter- 
section locus of A and B is necessary for the result of theorem 13.131 to hold. In 
particular, it is not enough to require that A and B move in covering families and 
that they intersect properly. 

Let V = P 1 x P 2 C P 5 as in the Veronese embedding. Let C(V) C A 6 be the cone 
over V and let Y be the natural closure of C(V) in P 6 . We may blow up the cone 
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point in Y to produce a variety Y which is a line bundle over V with surjection 
7r : Y — > V. Y will be a toric variety. Its combinatoric construction is described in 
[HI §3]. In the same place it is observed that there are contractions of Y to smooth 
toric varieties produced by projecting the exceptional divisor, E ~ P 1 x P 2 onto 
one of its factors. Let / : Y — > X be the contraction produced by projecting E 
onto P 2 . 

Let A = ^{{P^Ha)), B = w-^Pb^Ha)), L = ^((Pr^P 2 )) for general 
points Pa, Pb, Pl £ P 1 and general hyperplanes Ha,Hb C P 2 . Then for general 
choices, A, B, and L will be pairwise disjoint. However, if we let A — f(A), B = 
f(B), L = /(£), A and B will meet at a unique point in the image of E (and 
thus meet properly) and each will meet L at a curve contained in f(E). It is clear 
that A and B will each move in the same family of cycles covering X. If we let 
_S? = &x(L), then this invertible sheaf will correspond to a rational map X —■* P 1 
and it is clear that k(X, _2f) = 1. 

By a computation using toric combinatorical methods it can be shown that A 
is isomorphic to the Hirzebruch surface in example 13 . 141 and that S£\a corresponds 
to the divisor Cq. Since this divisor is fixed, we have k(A,J£\a) = k(B,JC\b) = 0. 
All together we have, 

1 = n(X,Sf) > k(A,3?\a) + k(B,3?\b) = 

This shows that some hypothesis like the dominant proper intersection locus 
hypothesis is necessary in theorem 13.131 In this example the difficulty is that A 
and B meet at a point in the base locus of Jzf. Perhaps it is possible to find 
counterexamples to the inequality in theorem 13.131 where A and B meet at points 
in the locus where the rational map tp^ is defined but is not smooth, or at points 
i£l for which <psg{x) is not a smooth point of both <p&{A) and ipjc(B), According 
to proposition 13.21 these are the possibilities to look for in such counterexamples. 
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